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Az 1 .  T é t e l  a  p ó l u s  r e n d j é n e k  e l d ö n t é s é t  t e s z i  l e h e t ő ­
v é ,  mig  а  2 .  T é t e l  a z t  i s  m e g m u t a t j a ,  az  á l t a l á n o s  e s e t b e n  
h o g y a n  s z á m í t h a t ó k  k i  a L a u r e n t  e g y ü t t h a t ó k .
РЕЗЮМЕ
В данной работе подсказывается общий способ для раз­
ложения в ряд Лорана около изолированного полю­
са на основе разложение матричной функции f ( z ) в ряд 
Тэйлора. Доказано, что коэффициенты Лорана в. вычисля­
ются всегда через коэффициенты Тэйлора ар , А]_2...А2 n+j » 
где и -  порядок особой точки. С помощью теоремы I опреде­
ляется порядок полюса тока. Теорема 2 показывает как можно 
определить коэффициенты Лорана в общем случае.
A b s t r a c t  This  p a p e r  s u g g e s t s  a g e n e r a l  p r o c e d u r e , based  
on t h e  T a y l o r  e x p a n s i o n  of* a f u n c t i o n  m a t r i x  F (z )  , f o r  
c a l c u l a t i n g  t h e  L a u r e n t  e x p a n s i o n  o f  F ~ V z )  a ro u n d  an 
i 3 o la t e " u  p o l e .  I t  i s  shown t h a t  i n  o r d e r  to  compute th e  
L a u r e n t  c o e f f i c i e n t  m a t r i c e s  3^ o f  F ’ ^ z )  , o n e  need3 i n
any c a s e  the  T a y l o r  c o e f f i c i e n t s  A , A - , , . . . , A 0 , . o fo ’ 1 ’ ’ 2n+,j
F ( z ) , where  n i s  t h e  o r d e r  o f  the  p o l e .
Theorem 1 h e l p s  to  d e c i d e  the  o r d e r  o f  t h e  p o l e ,  
w h i l e  Theorem 2 shows how th e  L a u r e n t  c o e f f i c i e n t s  may 
be computed i n  t h e  g e n e r a l  c a s e , t o o .
1 . I n t r o d u c t i o n
I n  r e c e n t  у е а г з  th e  q u e s t i o n  h a s  a r i s e n  i n  th e  nume­
r i c a l  e v a l u a t i o n  o f  c e r t a i n  i n t e g r a l s  Cl] a s  t o  how to  
d e t e r m i n e  the  r e s i d u a l  v a l u e  o f  f u n c t i o n s  o f  t h e  type
f ( x )  = ( a , F - 1 ( x ) a )  ( 1 . 1 )
at  a s i n g u l a r i t y  p o in t  x= x o , where a i s  a c o n s t a n t  v e c t o r  
and F ( x )  i s  a g i v e n  r e a l  sy m m e tr ica l  NxN m a t r i x , dependent  
on x , h a v in g  no i n v e r s e  a t  x =xq .
S i n c e  th e  b e h a v i o u r  o f  f ( x )  d e p e n d s  o n ly  on  the  m a t ­
r i x  F ( x ) , w e  may r e s t r i c t  o u r s e l v e s  t o  the  i n v e s t i g a t i o n  
o f  F ( x )  .
At f i r s t  f o r  a g e n e r a l  t r e a t m e n t  we r e f o r m u l a t e  th e  
p ro b lem  w i th  a complex f u n c t i o n  m a t r i x  F ( z ) . L e t  us make 
зоте  d e f i n i t i o n s  and c o n v e n t i o n s .
D e f i n i t i o n  1; A f u n c t i o n  m a t r i x  C^ Cz) i s  a n a l y t i c  i n  z 
i f  e a c h  e le m e n t  o f  th e  m a t r i x  i s  an  a n a l y t i c  f u n c t i o n  
o f  z i n  a common complex r e g i o n .
2Def i n i t i o n  2: ф ( г )  h a s  a k t h  o r d e r  z e r o  i n  a p o i n t  t , , 
i f  any o f  i t s  e l e m e n t s  has  a z e r o  o f  a t  l e a s t  k t h  o r d e r  
i n  h .
D e f i n i t i o n  3:  A f u n c t i o n  m a t r i x  <j)(z) h a s  a p o l e  o f  n th  
o r d e r  i n  a  p o i n t  fc , , i f  any o f  i t s  e l e m e n t s  has a p o l e  o f  
a t  most  n t h  o r d e r  i n  t, .
The o r d e r  o f  t h e  p o le  may be d e f i n e d  a l t e r n a t i v e l y  
a s  th e  pow er  n f o r  which
l im  (z-fc,)n $ C z )  /  0 t* ( 1 . 2 )
z-* fc,
i s  f i n i t e , s i n c e  i n  t h i s  c a s e  f o r  e v e r y  C> n
l im  ( z - f c , /  § i z )  = 0 ( 1 .3 )
z - i ,
By the  d e r i v a t i v e  m a t r i x  = d<£)(z) / d z , we mean the
m a t r i x  c o n s i s t i n g  o f  th e  d e r i v a t e d  e l e m e n t s  o f
F(z )  i s  assumed t o  have t h e  f o l l o w i n g  p r o p e r t i e s :
a )  F (z )  i s  a n a l y t i c  i n  z .о
b) F(z)  h a s  a k t h  o r d e r  z e r o  i n  zQ, k ^ : 0 .
c)  F~ ^ (z )  e x i s t s  i n  a n e ig h b o u r h o o d  o f  z q , e x c e p t  zq , 
hence  F ~ ^ (z )  i s  a n a l y t i c  t h e r e .
I t  f o l l o w s  from C ra m e r ’ s r u l e  t h a t  t h e  e l e m e n t s  o f  
F ” ^ ( z )  a r e  merom orphic  f u n c t i o n s . The o n l y  f u n c t i o n  a n a l y ­
t i c  t h r o u g h o u t  a r e g i o n  h a v i n g  a z e ro  o f  i n f i n i t e  o r d e r  
i s  th e  c o n s t a n t  0 [ 4 ] .On o u r  a s s u m p t io n  the  d e t e r m i n a n t  
i s  n o t  i d e n t i c a l l y  0 , t h u s  i t  f o l l o w s  f r o m  p r o p e r t i e s  
a ) , b ) , c )  t h a t  F ( z )  h a s  a n t h  o r d e r  p o l e  at z =zq , where 
n i s  f i n i t e . ч
I f  F ( z )  and F ( z )  f u l f i l  t h e  c o n d i t i o n s  a ) ,  b ) , c ) ,
t h e y  may be expanded  as
OÖ
XL A - ( z - z  )*5 ,
j=k  '' k - °  > Aj
= —  P U ) ( z o ) 
j !
( 1 . 4 )
CO
F- 1 Cz) = £  
t  n B4 z - zo )г ’
n  > 0 ( 1 . 5 )
where B. ( d = - n , . . . , 0 , 1 , . . . )  a r e  the  L a u r e n t  c o e f f i c i e n t
3m a t r i c e s  o f  F ^ ( z ) . I t  can be shown ( s e e  e . g .  [ 4 ] )  t h a t  
t h e  L a u r e n t  c o e f f i c i e n t s  may be d e t e r m i n e d  as
J- . U----------- l i m  —
(n  + (.)! z-»zQ dz
n+£
n'+e
F(z)
С г-г0 ) n
- 1
( 1 . 6 )
w h e r e , a n a l o g o u s l y  t o  th e  s c a l a r  c a s e , t h e  m a t r i x  B _ |  may 
be c a l l e d  t h e  r e s i d u a l  m a t r i x .
With t h e  a id  o f  ( 1 .4 )  , ( 1 . 5 )  and u n i t  m a t r i x  I  we may 
w r i  t e
oo
Г
oo
I  -  F(.z) F~x(z)  = I  -  2 _  A .  A.B€ (Z -Z n) j + l  = 0 (1 .7 )
j=k L=-n J
w here  th e  e q u a l i t y  h o l d s  when t h e  m a t r i x  p r o d u c t  i s  w r i t ­
t e n  i n  r e v e r s e d  o r d e r , t o o . The c o e f f i c i e n t  o f  e a c h  power 
i n  (1 .7 )  m us t  be z e r o , g i v i n g  t h e  sy s te m  o f  e q u a t i o n s  
( S  i s  th e  K ro n e c k e r  sy m b o l ) :
A- A, . . В. . = S,
i= 0 k+i  j - i  k+ , j ,0
j -  - n
Bj _ i  Ak+i 1
( l . 8 a )  
( l . 8 b )
1=0
Mote t h a t  n  and к a r e  n o t  n e c e s s a r i l y  e q u a l .
D e f i n i t i o n  4 :  The number  d =n-k  w i l l  be c a l l e d  t h e  d e f e c t  
o f  F(z) i n  t h e  p o i n t  o f  s i n g u l a r i t y  z Q.
I n  th e  f o l l o w i n g  we s h a l l  be c o n c e rn e d  w i t h  t h e  s o l u ­
t i o n  o f  t h e  sys tem  o f  e q u a t i o n s  ( 1 . 8 ) . Our aim i s  t o  f i n d  
a n u m e r i c a l  p r o c e d u r e  t h a t  d e t e r m i n e s  t h e  c o n n e c t i o n  
b e tw ee n  t h e  T a v lo r  c o e f f i c i e n t s  o f  F (z )  and th e  L a u r e n t  
c o e f f i c i e n t s  o f  F ( z )  a t  a p o l e  z Q,a n d  so th e  L a u r e n t  
e x p a n s i o n  o f  f ( x )  i n  ( l . l )  c a n  be c o n s t r u c t e d , t o o .
S u c c e s s  o f  th e  t r e a t m e n t  r e s t s  on t h e  g e n e r a l  assump­
t i o n  t h a t  a n u m e r i c a l  p r o c e d u r e  f o r  f i n d i n g  t h e  p o i n t  o f  
s i n g u l a r i t y  i s  g i v e n .A  p r o c e d u r e  o f  t h i s  k in d  h a s  been 
p r e s e n t e d  by Bach [ 2 ] ; t h i s  f i n d s  th e  complex  r o o t  o f  a 
t r a n s c e n d e n t  f u n c t i o n  w i th  whose h e lp  t h e  z e ro  p o i n t  o f  
t h e  d e t e r m i n a n t  can  be s o u g h t . O f  c o u r s e , t h e  r e a l  c a se  i s
4s i m p l e r  and s h o u l d  be h a n d l e d  b.y one o f  th e  u s u a l  r o o t —  
f i n d i n g  p r o c e d u r e s .
The d e t e r m i n a t i o n  o f  t h e  r e s i d u a l  m a t r i x , a s  o f  th e  
o t h e r  c o e f f i c i e n t s  o f  t h e  L a u r e n t  e x p a n s i o n , d e p e n d s  m a i n l y  
on w h e t h e r  th e  f i r s t  n o n - v a n i s h i n g  d e r i v a t i v e  ( h e n c e f o r t h  
a b b r e v i a t e d  as  f . n . v . d . )  o f  F (z )  h a s  an  i n v e r s e  a t  z=z . 
F i r s t  we s h a l l  be c o n c e r n e d  w i t h  th e  s im p le  c a s e  when 
t h e  f . n . v . d . ( o r  t h e  c o e f f i c i e n t  m a t r i x  A^) i s  n o n - s i n g u ­
l a r  a t  t h i s  p o i n t . L a t e r  we s h a l l  show t h a t  t h e  a l t e r n a ­
t i v e  c a s e  (A^ i s  s i n g u l a r )  c a n  be r e d u c e d  to  t h e  f o r m e r .  
N o t a t i o n s . The u n i t  m a t r i x  o f  s i z e  N w i l l  be d e n o te d  by
I l r , t h o u g h  som et im es  N w i l l  be o m i t t e d ; w e  w r i t e  F (z )  _N I z - z
i n s t e a d  o f  F ( z Q) i f  we w an t  t o  e m p h a s ize  th e  i n s e r t i o n .
I n  a d d i t i o n  th e  f o l l o w i n g  a b b r e v i a t i o n s  w i l l  be u se d :  
T a y l o r  c o e f f i c i e n t s  = T . c . , L a u r e n t  c o e f f i c i e n t s  = L . c .
The n o t a t i o n s  o f  t h e  i n t r o d u c t i o n  w i l l  be m a i n t a i n e d  i n  
t h e  s u b s e q u e n t  s e c t i o n s .
2 . The S im ple  Case
B e f o r e  f o r m u l a t i n g  Theorem 1 we b e g i n  w i t h  a lemma 
i n t e r e s t i n g  i n  i t s e l f .
Lemma 1 .
L e t  t h e  f u n c t i o n  m a t r i x  i jT^(z)  e x i s t  i n  a n e i g h b o u r ­
hood o f  z , e x c e p t  z Q.Then t h e  l i m i t  m a t r i x
l im  ( z —z ) к ф ~ ^ ( z )  = $ 0 ( 2 * 1 )
z-»z о
i s  f i n i t e  and n o n - s i n g u l a r  i f  and o n l y  i f  <|(z) h a s  the  
fo rm :
Ф (z )  = ( z - z o ) k f ( z )
where  t h e  l i m i t  o f  th e  m a t r i x  <j)(z) h a s  an i n v e r s e  i n
z t o o . о
( 2 . 2 )
-  5 -
P r o o f  ( N e c e s s i t y )  A c c o rd in g  to  t h e  l i m i t i n g  p r o c e s s  
( 2 . 1 )  we can w r i t e
Cz-z0 ) k $ - ^ z )  = $ .  + E ( z ) ,  E ( z ) |  =0 ( 2 . 3 )
О
w h ic h  i s  e q u i v a l e n t  t o
( z - z 0) ' k [ I  + ^ V z ) ]  <JKZ) ( 2 . 4 )
T a k i n g  th e  l i m i t  o f  b o t h  s i d e s , w e  g e t
l i m  ( z - z  ) “ k $ ( z )  = $  Г1 ( 2 . 5 )
z->z о
Thus i f  r ( z )  = ( z - z Q) ( z )  , t h e n  t h e  l i m i t  o f  T (z )  h a s  
an i n v e r s e  and i t  i s  e q u a l  to  фо .
The p r o o f  o f  s u f f i c i e n c y  i s  t r i v i a l . l t  may be r e m a r k ­
ed , t h o u g h ,  t h a t  t h e  a n a l y t i c i t y  o f  Ф&) was n o t  s u p p o s e d  
h e r e .
Theorem 1.
L e t  F(z) h a v e  th e  p r o p e r t i e s  a ) , b ) , c )  o f  s e c t . 1 . Then 
F~^(_z) has a p o l e  o f  k t h  o r d e r  a t  z=zq i f  and o n ly  i f
F (z )
dz z=z
can  be i n v e r t e d .
P r o o f  C o n d i t i o n  b )  e n s u r e s  t h a t  F ( z )  may be p ro d u ce d  i n  
t h e  fo rm
F ( z )  = ( z - z q ) G(z)
from' which  i t  f o l l o w s  by l ’H o s p i t a l ’ s r u l e  t h a t
____ . „ к
l im  G(z) = l im F (z) к FCz)z->z z+zn ( z - z  ) k !  dzо O O'
( 2 . 6 )
( 2 . 7 )
z=z.
I f  t h i s  c a n  be i n v e r t e d , a n  a p p l i c a t i o n  o f  Lemma i  
c o m p l e t e s  t h e  p r o o f .
C a l c u l a t i o n  o f  t h e  L a u r e n t  C o e f f i c i e n t s  i n  t h e  S im p le  Case
T h i s  t ime t h e  d e t e r m i n a t i o n  o f  th e  o r d e r  o f  t h e  p o l e  
by Theorem 1 i s  r a t h e r  s im p le  b e c a u s e  i t  o n l y  i n v o l v e s
6f i n d i n g  t h e  f . n . v . d .  o f  F(z.) i n  z Q. L e t  t h i s  be th e  k t h
d e r i v a t i v e . I f  i t  h a s  an i n v e r s e , t h e n  by Theorem 1 F ~ ^ ( z )
h a s  a p o le  o f  k t h  o r d e r  a t  z=z . r о
There  a r e  two p o s s i b i l i t i e s  f o r  co m p u t in g  th e  L a u r e n t  
c o e f f i c i e n t s .
On one han d  we may u se  ( 1 . 6 )  and th e  i d e n t i t y
—  T ~ 4 z )  = -T  \ Z) ^ L  T " V z )
dz dz
( 2 . 8 )
I n  f a c t  ( 1 . 6 )  c o n t a i n s  G(z) o f  ( 2 . 6 ) :
k+£
B, = -------- l i m  — w 7  G ( z )( к + б ) !  z-+zQ d z K
Thus
B_k = l im  G ^ ( z )
Z->Z
( 2 . 9 )
( 2 . 1 o )
T h is  i s  t h e  i n v e r s e  o f  ( 2 . 7 ) , w h ich  on o u r  a s s u m p t i o n  
e x i s t s . F o r  t h e  o t h e r  c o e f f i c i e n t s  we m ust  a p p ly  ( 2 . 8 )  i n  
( 2 . 9 )  as many t im e s  a s  i s  n e c e s s a r y . H e r e  t h e  d e r i v a t i v e s  
o f  G(z) w i l l  a p p e a r  a l s o , e . g .
B_k+1 = l im  - G " 1( z ) G » ( z ) G " 1( z )  
z-»zо
w h e re  e ac h  t e r m  has  f i n i t e  l i m i t  i n  z Q.
The l i m i t s  o f  th e  d e r i v a t i v e s  o f  G(z) c a n  be g i v e n  
w i t h  the  a i d  o f  th e  T a y l o r  e x p a n s i o n  ( 1 . 4 ) . I n  th e  c a s e  
o f  a k t h  o r d e r  z e ro  one  g e t s
( 2 . 11)
m!l i m  á j  g ( 2 )  = Um < L f  _ £ Í S b  = -----------
z-»z dz z-*z dz ( z - z  ) (k+m)!о o o
p (k +m)(  ) (2 -1 2 )
The f o r m u la e  o f  th e  r e s i d u a l  m a t r i c e s  f o r  t h e  c a s e s  
к = 1 ,2  a re
B_ i  = [ f ’ ( z0 ) ] - 1  ’ i f  k = 1 » (2 .1 3 )
B- 1  * ' f  [ f ’ ^ Z q) ] “ 1 F (3 ) ( z0) [ F ” ( z 0 ) ] ' \  i f  k=2 (2 .I4 )
7The a l t e r n a t i v e  way y i e l d s  a more c o n v e n i e n t  n u m e r i c a l  
a l g o r i t h m  f o r  t h e  c o m p u t a t i o n  o f  t h e  L a u r e n t  c o e f f i c i e n t s .  
S in c e  i n  t h i s  c a s e  k = n , ( l . 8 )  has  a s i m p l e  s o l u t i o n :
-1  k + J
B- k  = Ak ’ Bj  = - B-k  ZL V i  Bj - i  . j  > - k ( 2  • «■>
i=l
That  i s ,  every  e q u a t i o n  o f  ( 1 . 8 )  c a n  be s o l v e d  d i r e c t l y  
u s i n g  t h e  s o l u t i o n  o f  th e  p r e c e d i n g  e q u a t i o n s  w i t h  s m a l l e r  
j  , as i n  th e  case  o f  s c a l a r  f u n c t i o n s .
I t  i s  easy  to  check  t h a t  f o r  th e  c o m p u t a t i o n  o f  3 .
J
one n e e d s  the  T a y l o r  c o e f f i c i e n t s  Aq , A ^ , . . .
"5.The Case o f  D e c r e a s e  i n  Rank
Here we are  c o n c e rn e d  w i t h  the  c a s e  when t h e  f . n . v . d .  
o f  F ( z ) , o r  e q u i v a l e n t l y  Ak i n  ( 1 . 4 ) , i s  a s i n g u l a r  m a t r i x .  
We must p r e p a r e  f o r  Theorem 2 w i t h  t h r e e  f u r t h e r  lemmas.
Lemma 2 .
L e t  F ( z )  have t h e  p r o p e r t i e s  a ) , b ) , c )  o f  s e c t . 1 . I f  t h e  
f . n . v . d .  o f  F (z )  i s  a s i n g u l a r  m a t r i x  i n  z Q, t h e n  F ~ ^ (z )  
h a s  a h i g h e r  o r d e r  po le  i n  z t h a n  t h e  o r d e r  o f  th e  z e r o  
o f  F (z )  ,
к < n O . i )
and v i c e  v e r s a .
P r o o f  L e t  us c o n s i d e r
l im  Г ( z - z  ) - k  F ( z ) l  [Cz-z o ) n F- 1 ( z ) ]  = l im  ( z - z  ) n~k . I  ( 3 . 2 )
z-*z z-*z^О о
Here t h e  b r a c k e t s  on th e  l e f t  s i d e  h a v e  f i n i t e  l i m i t s
- ( s e e  ( 1 . 4 ) , ( l . 5 ) ) ; c o n s e q u e n t l y  th e  same must h o l d  f o r
th e  r i g h t  s i d e , t o o . T h e  c a s e  k = n , i n  a c c o r d a n c e  w i t h  Theorem 1,
does  n o t  r e s u l t  i n  a d e c r e a s e  o f  t h e  r a n k  o f  t h e  f . n . v . d .
T h is  g i v e s  the  a s s e r t i o n .
I n  t h e  f o l l o w i n g  we s h a l l  need  a n  i n v e r s i o n  p r o c e d u r e  
c a l l e d  t h e  i n v e r s i o n  by p a r t i t i o n i n g . T h i s  p r o c e d u r e , w h ic h  
i s  a l s o  c a l l e d  t h e  F r o b e n i u s - S c h u r  r e l a t i o n , may be fo u n d
8i n  any t e x t b o o k  o f  l i n e a r  a l g e b r a  ( e . g . Й )  ;we a p p l y  
i t  h e r e  i n  a p r o d u c t  f o r m , w h i c h  i s  more a d e q u a te  f o r  
o u r  p u r p o s e s .
We assume f u r t h e r  on t h a t  F ( z )  h a s  t h e  p r o p e r t i e s  
a ) , b ) , c )  and t h a t  i t s  f . n . v . d .  h a s  a r a n k  g i n  z q . 
T h e n ,b y  i n t e r c h a n g i n g  rows and c o lu m n s ,F ( z )  may be 
p a r t i t i o n e d  i n t o  f o u r  s u b m a t r i c e s :
F ( z )  =
* l ( z )  I F 2 ( z )
-----------1----------l
.F5 OO Í F4 ( z )_
Q.
ik)T h i s  i s  done i n  s u c h  a way t h a t  F |  ( z )  be a 
m a t r i x  w i t h  a d e f i n i t e  i n v e r s e  i n  z Q.The p e r m u t a t i o n  
m a t r i c e s  P and Q r e p r e s e n t  t h e  o p e r a t i o n s  o f  i n t e r ­
c h a n g in g  rows and c o lu m n s . I n t r o d u c i n g  t h e  n o t a t i o n s
U(z) = Q
V(z) = [ f ^ ( z)F^ h z )  j - I N_ s ]  PT , 
D( z ) = F4 ( z ) - F , ( z ) F j 1 ( z ) F 2 ( z ) ,
( 3 - ? )
( 3 . 4 ) "
( 3 . 5 )
( 3 . 6 )
( 3 . 7 )
i t  can  be checked  d i r e c t l y  t h a t  th e  i n v e r s e  o f  ( 3 . 3 )  
can  be decomposed i n  a n e ig h b o u r h o o d  o f  z Q as
F_ 1 ( z )  = X (z) + U(z)D - 1 ( z ) V ( z ) .  ( 3 . 8 )
The f o l l o w i n g  lemmas c o n t a i n  a s s e r t i o n s  r e l a t i n g  
t o  D(z) o f  ( 3 . 7 ) .  *
* d e n o t e s  th e  t r a n s p o s e  o f  Q,Q^=Q
-  9 -
f
I
Lemma 3.
L e t  F (z )  have  the  p r o p e r t i e s  a ) , b ) , c )  o f  s e c t . l
and l e t  F ^  (z ) be a s i n g u l a r  m a t r i x . I f  D(z)  o f  ( 3 .7 )
i s  o b t a i n e d  f ro m  a p a r t i t i o n i n g  made a c c o r d i n g  to  t h e
r a n k  o f  the  f . n . v . d .  o f  F ( z ) ( s e e  0 . 3 ) ) ,  t h e n  D~^"(z)
h a s  th e  same o r d e r  o f  p o l e  i n  zq a s  F~ ( z ) .
P r o o f  In  ( 3 . 8 )  th e  m a t r i x  X(z) o f  ( 3 . 4 )  h a s  by Theorem 1
a k t h  o r d e r  p o l e  i n  z Q. I n  U(z) o f  ( 3 . 5 )  F 2 ^ z ) *ias  8 z e r o
o f  a t  l e a s t  k t h  o r d e r , t h u s  U(z) h a s  a f i n i t e  and non—
z e r o  l i m i t  i n  z Q.The same r e a s o n i n g  can be r e p e a t e d  f o r
t h e  V(z) o f  ( 3 . 6 ) . S i n c e  by Lemma 2 F ^ (z )  h a s  a p o le  o f
h i g h e r  o r d e r  t h a n  к i n  z ,D- ^ ( z )  r e m a in s  t o  have  th e  same_1 . o ’ '
o r d e r  of  p o l e  a s  F ( z ) .
The lemma can  be e x t e n d e d  to  any p a r t i t i o n  where 
F - j^ (z )  has a k t h  o r d e r  p o l e .
Lemma 4.
Under  th e  same c o n d i t i o n s  as  i n  Lemma 3 ,D ( z )  has  a 
d e f e c t  l e s s  t h a t  F ( z ) .
P r o o f  Let u s  i n t r o d u c e  G ^ ( z ) = (z- zq ) _kF ^ ( z ) , i = l , 2 , 3 ,4
s i m i l a r l y  t o  ( 2 . 6 ) , G ^ ( zq ) b e in g  t h e  l i m i t  o f  G ^ (z ) .
A c c o rd in g  t o  ( 2 . 7 )  and the  p a r t i t i o n i n g  c h o s e n , t h e
co lum n v e c t o r s  o f  Gp(zo ) and G^(z q ) may be e x p r e s s e d
as  a l i n e a r  c o m b i n a t i o n  o f  th e  column v e c t o r s  o f  G^(zq )
and G, (z ) :3 o '
0 2 f z0 ) ° l ( zo) L
_G4 ( zo \ G5 ( z0)
( 5 . 9 )
o r
W  = Gl < zo) L
V z0> = G3<Zo> L
( 3 .  lo )
w h i c h  g iv e s
-1  .
( 7 . 1 1 )
On c o m p a r is o n  w i t h  ( 3  .7 )  t h i s  y i e l d s
l im  ( z - z Q) _k DCz) = О , 0 - 1 2 )
z-*zо
w h ic h  means t h a t  B ( z )  h a s  a z e r o  o f  h i g h e r  o r d e r  t h a n  k .
By Lemma 3 F~^(z)  and D ^ ( z )  have p o l e s  o f  th e  same 
o r d e r , h e n c e  the  a s s e r t i o n  i s  p ro v ed  ( s e e  D e f . 4 ) .
These i n v e s t i g a t i o n s  r e v e a l  t h a t  t h e  d e f e c t  may be 
c o n c e i v e d  as  the  s t r u c t u r a l  p a r t  o f  t h e  s i n g u l a r i t y ,  
s i n c e  i t  a r i s e s  f ro m  th e  s t r u c t u r e  o f  t h e  m a t r i x .
Theorem 2 .
The i n v e r s e  o f  an  a n a l y t i c  m a t r i x  F ( z )  which  e x i s t s  
i n  a n e ig h b o u r h o o d  o f  zq , e x c e p t  zq , c an  be e x p r e s s e d  as
a f i n i t e  sum
F“ 1 ( z )
qz H i( z )
i " 0  ( z - z j  1
-  , kQé  . . .  <£k =n, q ^ n  ( 3 .1 3 )
where  t h e  H^(z)  a r i s i n g  f rom  a s e r i e s  o f  d e c o m p o s i t i o n s
hav e  f i n i t e  ] 
i n c r e a s i n g  k.
l i m i t s  i n  z and a r an k  w h ic h  d e c r e a s e s  w i thо
P r o o f  I n  t h e  s im p le  c a se  t h e  a s s e r t i o n  i s  t r i v i a l .  
S u p p o s i n g  F (z )  h a s  n o n - z e r o  d e f e c t  i n  z Q, l e t  k=kQ,a n d  
l e t  t h e  m a t r i c e s  X,U,V,B o f  ( 3 . 8 )  be i n d e x e d  by O . I f  
D (z )  = Dn ( z )  has  d e f e c t  dQ> 0 , t h e  d e c o m p o s i t i o n  ( 3 . 8 )  
c a n  be r e p e a t e d  f o r  D ~ ^ (z ) :
D ~ ^ (z ) = X1 (z )  + I ^ C zJ D ^ z JVjCz ) ( 3 . 1 4 )
and  t h i s  p r o c e d u r e  can  be c o n t i n u e d  f o r  any D ^ ( z )  h a v in g
d e f e c t  dj > 0 , ( s e e  Lemma 2 ) .
From Lemma 4 i t  f o l l o w s  t h a t  f o r  any i  < j , d . > d .
— 1 1 J
h o l d s , b u t  by Lemma 3 any B^ ( z )  has  a p o l e  o f  n t h  o r d e r .  
Hence t h e  r e i t e r a t i o n  must b r e a k  down a t  a B ^(z)  w i t h
dq =0,q  ó n .
S in c e  t h e  X^(z)  have  n o n - z e r o  b l o c k s  w i t h  d e f e c t  0 
and th e  ,V^-s  may be made a n a l y t i c  i n  z Q, e a c h  d e f i n e s
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a H . ( z ) :
Ho <z) = O . - z 0 )
к
H^Cz) = ( z - z Q)
V z >
U0Cz)X1(z)V0Cz)
( 3 .1 5 )
Hi ( z ) = C z - z 0) 1 Oou1...u..1x.vi.1vi.2...vo
where f i n a l l y  X^(z)= D ~^(z)  may be t a k e n .
On a c c o u n t  o f  t h e  d e c r e a s i n g  o r d e r  o f  t h e  D ^(z)  
m a t r i c e s , t h e  H^(z)  have  d e c r e a s i n g  r a n k , t h u s  th e  Theo­
rem i s  p r o v e d .
The D e t e r m i n a t i o n  o f  t h e  L a u r e n t  C o e f f i c i e n t s
The p r o o f  o f  Theorem 2 a l s o  shows how t o  compute th e  
c o e f f i c i e n t s  o f  the  L a u r e n t  e x p a n s i o n .
E x p l i c i t  fo rm u la e  may be o b t a i n e d  f rom  th e  H ^ (z )  
where  ( 2 . 8 ) , ( 2 . 1 2 )  may be a p p l i e d .
In  t h e  s i m p l e s t  c a s e ,w h e n  k o = 0 , q = n = l , one g e t s  a s im p le  
s o l u t i o n  f o r  th e  r e s i d u a l  m a t r i x :
VG(z) z=z (5 . 16)
Here  t he  f i r s t  d e r i v a t i v e  o f  D ( z )  can be composed as
D’ (z)  = Vo ( z ) F ’( z ) U o( z ) ( 3 . 1 7 )
N u m e r i c a l l y  one p r o c e e d s  i n  t h e  f o l l o w i n g  m anner :
1 )  Compute t h e  T a y l o r  c o e f f i c i e n t s  ( T . c . )  o f  F ( z ) .
2 )  From t h e  F-^(z) p a r t  ( s e e  ( 3 . 3 ) )  o f  t h e  T . c .  compute 
the  L a u r e n t  c o e f f i c i e n t s  ( L . c . )  o f  X-^(z) a c c o r d i n g  
to  th e  d i r e c t  s o l u t i o n  o f  ( 2 . 1 5 ) .
3 )  Compute t h e  T . c .  o f  UQ( Z) and VQ( z )  i*rom th e  L . c .
o f  F ^ ( z )  and t h e  T . c .  o f  F g ( z )  and F ^ ( z )  ( s e e  ( 3 . 5 - 6 ) ) .
4 )  D e te rm in e  the  T . c .  o f  Dq ( z ) ( s e e  ( 3 . 7 ) )  and t h e  L . c .  
o f  i t s  i n v e r s e  f ro m  ( 2 . 1 5 ) , i f  t h i s  Í3  p o s s i b l e .
Chen t h e  L . c .  o f  F ^ ( z )  c an  be c o n s t r u c t e d  on th e  
b a s i s  o f  ( 3 . 8 ) .
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5) I f  t h e  L .c .  o f  Do ( z )  c a n  n o t  be c a l c u l a t e d  d i r e c t l y ,
a p n l v  s t e p s  1 ) , 2 ) , 3 ) , 4 )  f o r  D ( z )  and c o n t i n u e  theо
o r o c e d u r e  f o r  e v e ry  f u r t h e r  D^(z)  u n t i l  we r e a c h  a 
Dq w i t h  d q = 0 , q ^ n .
6 )  From the  L . c .  o f  D^(z)  c o n s t r u c t  th e  L . c .  o f  D ^ _ ^ (z ) ;  
s i m i l a r l y  f ro m  th e  L . c .  o f  Dq z ) c o n s t r u c t  the  L . c .  
o f  Dq_0 (z)  and so o n , u n t i l  th e  p r o c e d u r e  e n d s  w i th  
t h e  L . c .  o f  F ^ ( z ) .
I t  f o l l o w s  f rom  ( 3 . 7 )  t h a t  the  f i r s t  l T a y l o r  c o e f f i ­
c i e n t s  o f  D(z) c an  be c a l c u l a t e d  f rom  the f i r s t  l  T a y l o r  
c o e f f i c i e n t s  o f  F ( z ) . T h i s  a s s e r t i o n  can  be m a i n t a i n e d  
from any to  D^+^ , s o  t h a t  i n  th e  m u l t i p l y  decomnosed 
c a s e , t o o , a  knowledge o f  A , A j , . . . , A  i s  n e c e s s a r y  to  
d e c i d e  th e  e x i s t e n c e  o f  a n t h  o r d e r  p o l e  and t o  d e t e r m i n e  
B_n . F i n a l l y  th e  c o e f f i c i e n t s  Aq , A-^, . . . , A ^ ^ j a r e  needed  
h e r e  a l s o  f o r  t h e  c o m o u t a t i o n  o f  th e  L a u r e n t  c o e f f i c i e n t s
B- n ,B- n + l ’ * * * ’ B.i*
Example
The m a t r i x
z zcos z e
1
e
F (z )  = 0 ze c o s  z
ze cos  z c o s  z
(3 . 1 8 )
7 2 zh a s  t h e  d e t e r m i n a n t  - ( e J- c o s  z) ( c o s  z+e ) , w h ic h  d i s p l a y s  
a d o u b l e  ze ro  a t  z=O.The m a t r i x  may be p a r t i t i o n e d  as  
shown by th e  d a sh e d  l i n e s . L e t  th e  s u b m a t r i c e s  be d e ­
s i g n a t e d  as i n  ( 3 . 3 ) - A l th o u g h  th e  r e s i d u a l  m a t r i x  may be 
d e t e r m i n e d  d i r e c t l y , h e r e  o u r  aim i s  to  i l l u s t r a t e  the  
g e n e r a l  p r o c e d u r e  p ro p o s e d  i n  t h i s  s e c t i o n .
1)  The f i r s t  s t e p  i s  t o  d e t e r m i n e  t h e  T . c .  o f  F ( z ) . H e r e  
we s h a l l  c a l c u l a t e  w i t h  th e  f i r s t  f o u r  c o e f f i c i e n t s  
and b e l i e v e  i t  u n n e c e s s a r y  to  w r i t e  down them e x p l i ­
c i t l y  .
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2 )  The L .c .  o f  F ^ ( z )  r e d u c e  now t o  T .c .T h e  c o e f f i c i e n t s  
o f  F-j^(z) ( t h e  l a b e l s  d e n o te  t h e  i n d i c e s  o f  th e  co­
e f f i c i e n t s )  a r e :
1 -1 о о' 1 1 -1
оо
О 1 о * _0 -1
2
1* 0 1 L J 2 ’ 0 -1/6 .. -
3 )  The T .c .  o f  F ^ ( z ) F ? ( z )  a re
( 3 . 1 9 )
' о ' 1 1 ’2 /3
_1 о ’ -1 1» _0 2 ’ 1 /3
and the  T . c .  o f  F ^ ( z ) F ^ ( z )  a r e
( 3 . 2 o )
t 1 0 j o . [ l  - 2 ] l f  [ l  - l ] 2 , [ 2 /3  - 1 /3 ]  3 
4) The T .c .  o f  D(z)  a re
[ ° ] 0 ’ C°11 » [ ” ^] 2 ’
T h i s  a l s o  shows t h a t  F ^ ( z )  h a s  a po le  o f  second
*
o r d e r  a t  z = 0 .  The f i r s t  two L . c .  of  D ( z )  a r e
В-2
В- 1
0
1
-1
1
-1
о
0
1
-1
J o
J l
two L. с . o f F
_1
■(z) a re
Г 1 -
1 0 - 1 0 0 0L
2
J о = 1 -1 0 ]
2
1 0 - 1L
а ' Г
[ l 0 - J o 0 1 [ i
2 + 1 2 -2
- 1 о
[1 0 - ] о ■1 -2 0 2
1 =: 4 3 4 -5
-1 -4 3
Г1 - г ° ] i
( 3 . 2 1 )
( 3 . 2 2 )
( 3 .2 3 )
( 7 . 2 4 )
0 - 2 5 )
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4 . Appendix
T h is  s e c t i o n  ex am in e s  some a d d i t i o n a l  p r o p e r t i e s  
o f  t h e  f u n c t i o n  m a t r i c e s . F i r s t  we s h a l l  d e r i v e  an 
u p p e r  bound f o r  th e  o r d e r  o f  th e  p o l e , a f t e r  which 
we p r e s e n t  a g e n e r a l i z a t i o n  o f  t h e  l o g a r i t h m i c  d e r i ­
v a t i v e  .
The f o l l o w i n g  lemma i s  needed  i n  th e  e s t i m a t i o n :
Lemma 5.
L e t  th e  s u b m a t r i c e s  be in d e x e d  a t  any p a r t i t i o n i n g  
a s  i n  ( 3 . 3 ) . T h e n , i f  D (z )  i s  d e f i n e d  by ( 3 . 7 ) ,
D e t [p  F ( z ) Q ]  = D e t  F^ (z) D e t  D(zJ ( 4 . 1 )
P r o o f  Let  F^ have s i z e  g .Then
I
f 2 ‘ ---
-г ч H4,
 1 и*
-
О
= Det 1 Det _ J_
■ F3 : F4. - 0 ! I N-§.
Det F* =
Det
I  ' F, *2
- 1  'F F.I ' FLГ 3 x . 4
Det  Fi  = Det
F F- ”^
V l
0
D et  F<
QED.
A Bound f o r  t h e  O r d e r  of' t h e  P o le
We assume f o r  F (z )  t h e  p r o p e r t i e s  a ) , b ) , c )  o f  s e c t . l  
and  i n t r o d u c e  G(z) a s  i n  ( 2 . 6 ) , G ( z ß ) b e i n g  t h e  l i m i t  
o f  ( 2 . 7 ) .
From th e  i n v e r s e  m a t r i x  f o r m u la
G_1Cz) = A.d J....ÜÍL)- ( 4 . 2 )
Det G(z)
one c o n c l u d e s  t h a t  t h e  o r d e r  o f  t h e  p o le  i s  d e t e r m i n e d  
by th e  a d . i o i n t  m a t r i x  e l e m e n t  h a v i n g  th e  s m a l l e s t  o r d e r  
o f  z e r o  i n  z .
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L e t  G (z ) h a v e  s i z e  N and rank  g .  I f  Det G(z)  has  a 
p t h  o r d e r  z e ro  i n  z . t h e n
p ^N -< §  , 0 < £  é  N ( 4 . 3 )
T h is  c a n  be s e e n  a p p l y i n g  ( 4 . 1 )  to  G(z)  w i th  t h e  p a r t i ­
t i o n i n g  d e s c r i b e d  i n  ( 3 . 3 ) , t a k i n g  i n t o  a c c o u n t  t h a t  th e  
new D( z) = G^(z)  -  G^(z)G^ ( z )G2 ( z ) o f  s i z e  N- g  i s , b y  
( 3 . 1 1 ) , z e ro  a t  z = z q .
The p o s s i b l e  g r e a t e s t  r a n k  o f  a ( N - l ) x ( N - l )  s u b m a t r i x
i s  S ~  j j i t h u s  the  a d j o i n t  m a t r i x  e l e m e n t , d e f i n e d  as
th e  d e t e r m i n a n t  o f  t h i s  s u b m a t r i x , may have t h e  s m a l l e s t
o r d e r  o f  ze ro  i n  z . C o n c r e t e l y , th e  s m a l l e s t  o r d e r  o fо
z e r o  may be g r e a t e r  t h a n  o r  e q u a l  t o  N - l - (< j -& ^  ^ ) ,  
s i m i l a r l y  to  ( 4 . 3 ) .
-1F i n a l l y , o n e  g e t s  f o r  t h e  o r d e r  o f  th e  p o le  o f  F ( z )
n é k + p - N + 3 + l - ^ N ( 4 . 4 )
where  к i s  d e f i n e d  i n  ( 1 . 4 ) . Of c o u r s e , i f  p = N - g , e q u a l i t y  
h o l d s . T h i s  can be shown by Theorem 1 and Lemma 2 ,
G e n e r a l i z a t i o n  o f  the  L o g a r i t h m i c  D e r i v a t i v e
Some f u r t h e r  f o r m u la e  can  be d e r i v e d  w h ic h ,  a l t h o u g h  
t h e y  c o n t a i n  t h e  o r d e r  of  p o l e  e x p l i c i t l y ,  may be o f  l e s s e r  
i m p o r t a n c e  i n  d e t e r m i n i n g  t h e  o r d e r  o f  t h e  p o l e
F i r s t ,  by. s u b s t i t u t i n g  F ( z )  f o r  ( z )  and n  f o r  к i n  ( 2 . 3 )  
on g e t s
l i m  ( z - z  ) = 0 ( 4 . 5 )
z-*z dzо
and t h e  s u b s t i t u t i o n  o f  E ( z )  w i th  t h e  a i d  o f  ( 2 . 8 )  y i e l d s
l im  ( z - z o ) n+1 F~1( z ) F ’ ( z ) F " 1 ( z )  = nB_n ( 4 . 6 )
z->zо
I f  В has  an i n v e r s e . i t  i s  e a s y  t o  c o n c lu d e  t h a t  В „- n  - n
can be e x t r a c t e d  from b o t h  s i d e s  o f  (4  . 6 ) . T h ere  a r e  two 
p o s s i b i l i t i e s  o f  d o in g  t h i s  on th e  l e f t  s i d e , e i t h e r  f rom 
the l e f t , o r  f ro m  th e  r i g h t , g i v i n g
1 6
l i r a  (7 ,-z ) T T \ z ) F ' ( z ) = l im  ( z - z  ) F ’( z ) F ' \  z)  =nl ( 4 . 7 )
7.-* 7. Z-*Z °О О
T h is  i s  a g e n e r a l i z a t i o n  o f  t h e  w e l l -k n o w n  p r o p e r t y  o f  
th e  l o g a r i t h m i c  d e r i v a t e  o f  з с а 1 а г  f u n c t i o n s .
I f  B_n can n o t  be i n v e r t e d , i t  can n o t  be a s s e r t e d  t h a t
l im  ( z - z o) F ’( z ) F - ^ ( z )  
z-*-zо
i s  f i n i t e ; i n  f a c t , F ’ ( z ) F  \ z )  may have a h i g h e r  o r d e r  
n o l e . T h e  g e n e r a l  a n sw e r  i s  g i v e n  by m ak in g  use  o f  th e  
s e r i e s  ( 1 . 4 )  and ( 1 . 5 ) :
F ’F ■1 _
oo со о 22,
t .  £  c ^ 0) t+J_1 a v r  ^  ( z- zo ) 'S  o - 8)
j=k i = - n j = k - n -  1
a n d , w i t h  th e  h e l p  o f  ( 1 . 8 ) , t h e  c o e f f i c i e n t s  o f  t h e  two 
l o w e s t  powers a re
Jk - n -  I kA, В -  1 к - n к <5 , In , k 0 - 9 )
Bk - r T  kAk B- n n + ( k + 1 ,A !cU B- n  = k ^ п . к - ч 1 +  V l  B- n  < » - 10)
Thus i n  th e  c a s e  к /  n , F ’ ( z ) F  ( z )  h a s  a p o le  o f  
( n - k ) t h  o r d e r  i f  A, 0 ,  th ough  t h e  c a s e  n -k=  1 i s
i n d e p e n d e n t  o f  t h i s  c o n d i t i o n .
F i n a l l y , w e  n o te  t h a t  o u r  r e s u l t s  c an  be e x t e n d e d  to  
n e g a t i v e  к and n a s  w e l l .
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